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Abstract. There are several variations of fuzzy Turing ma- 
chines in the literature, many of these forms require a t-norm 
in order to establish their accepted language. This paper gener- 
alize the concept of non-deterministic fuzzy Turing machine 
- NTFM, replacing the t-norm operator for several aggrega- 
tion functions, we establish the languages accepted by these 
machines, called fuzzy recursively enumerable languages or 
simply LFRE and show, among others results, which the class 
LFRE is closed to unions and intersections of fuzzy languages. 
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1. Introduction 

The starting point for the computer science was to 
determine a model able to allow machines to be able 
to perform calculations previously performed only by 
humans. One of these computing models, called the 
Turing machines - TM, was proposed in 1936 by Alan 
Turing H28I29I . and has since become the most accepted 
model by scientific community. 

Lofti Zadeh, in lf38l . generalize the discrete notion, 0 
or 1, of membership or non- membership in classical set 
theory for the continuous interval [0, 1], resulting in the 
fuzzy sets theory. This enabled several extensions of 
classical theories were built from the idea of Zadeh 0, 
the fuzzy Turing machines II2I20I2 1 1371 are an example 
of these generalizations. 

The first formulation of fuzzy Turing machine was 
introduced by Zadeh himself (see |39l ), at the end of the 
1960s, through what he called fuzzy algorithm. Then 
Zadeh, along with Lee have defined the concept of fuzzy 
language ED . After these papers, Santos EE], show 
that the fuzzy algorithms and fuzzy Turing machines 
are equivalent models. 

For a long time there were no new works focused on 
fuzzy Turing machines, only with the work Harkleroad 
m have suggested researchers interested in studying 
this theme (see L5II6I8I1 11121241251261 ). In recent years, 
mainly motivated by the possibility of extrapolating 
the Church-Turing thesis, there were several other ap- 
proaches to computability (for example: |9U0ll4|34» ). 
Besides all this, Wiedermann I35l36tt show that it is 
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possible to solve the halting problem, i.e., that it can 
accept recursively enumerable languages r.e. and also 
co-r.e.. With the work of Wiedermann, arose researchs 
as the Bedregal and Figueira 0, which proved not to 
be possible to define a universal fuzzy Turing machine. 

In this paper we will discuss about non-deterministic 
fuzzy Turing machines - NTFM and their languages. 
We propose a new variation of NTFM, and study the 
properties of fuzzy languages that can be computed by 
these machines. But before starting the proposed work, 
we present some very important definitions, so that the 
reader has a good understanding of work. 

We began the paper with basic notions of fuzzy sets, 
their origin and important definitions such as: union, 
intersection, complement and crisp sets, using the op- 
portunity to also introduce the concepts of t-norms, t- 
conorms and fuzzy negation. Then we define the fuzzy 
languages and their basic operations. In Section 3, we 
define classical Turing machines, we present some ex- 
amples, we define our variation of fuzzy Turing ma- 
chines of its class languages, the fuzzy recursively enu- 
merable languages. Finally, in Section 4, we study op- 
erations as union and intersection of fuzzy language in 
the class of these languages and proved that the class of 
fuzzy recursively enumerable languages is closed for 
these operations. 

2. The fuzzy set 

The fuzzy set theory was proposed by Lotfi A. Zadeh 
lf38l . in 1965, in order to generalize the discrete notions 
of membership and non-membership of classical set 
theory for the interval [0, 1]. According to Zadeh, some 
classes of objects in real-world physical can not always 
be precisely separated into distinct classes, such as: the 
“class of tall men" and the “class of non-tail men". 

Formally, a fuzzy set A on a universe U is charac- 
terized by its membership function p A ■ U — y [0, 1], 
where for all x £ U the value y ia(x ) £ [0, 1] represents 
the degree of membership of x in A. 

The operations between the fuzzy sets are performed 
as follows: 

Definition 1. Let A and B two fuzzy sets on a uni- 
verse U respectively represented by the memberships 
functions p, A and ps- Then, 

1 . The union of A and B is the fuzzy set AU B with 
membership function 

Paub{x) = max(p, A (x), p B (x)). 



2. The intersection of A and B is the fuzzy set AnB 
with membership function 

Hac\b{x) = min(p A {x), p B {x)). 

3. The complement of fuzzy set A is the fuzzy set 
A c with membership function 

P A c(x) = 1 - fJL A {x). 

4. The crisp of a classical set X is the fuzzy set with 
membership function 

, x _ J 1, se x £ A'; 
l L xA) | o, otherwise 

2.1. Triangular norms and conorms 

The first formulation for triangular norm, also called 
of t-norm, was given by Menger l23ll .who studied gen- 
eralization of triangle inequality of metric spaces for 
probabilistic metric spaces. However, the most adopted 
at the present definition was given by Schweizer and 
Sklarin Il32l33l . 

The t-norms and your dual operators, the t-conorms, 
provide mathematical models for the conjunctions and 
the disjuntions for fuzzy logic lfl8ll . respectively. The 
following are the definitions of these operators: 

Definition 2. A t-norm is a function T : [0,1] 2 — > 
[0, 1] which satisfies the following properties: 

(Tl) T(x. 1) = x, for any x £ [0, 1]; 

(T2) T(x, y) =T(y, x), for all x,y £ [0,1]; 

(T3) T(x,y) < T(x, z), for any x,y, z £ [0,1] with 
V < 2/ 

(T4) T(x,T(y,z)) = T(T(x,y), z), for any x,y, z £ 
[0, 1], 

Definition 3. A t-conorm is a function S : [0, l] 2 —y 
[0, 1] which satisfies the following properties: 

(51) S(x,0) = x, for any x £ [0,1]; 

(52) S(x,y) = S(y, x),for all x,y £ [0, 1]; 

(53) S(x,y) < S(x, z), for any x,y, z £ [0,1] with 

y < z; 

(54) S(x,(S{y,z))) = S(S(x, y), z),for any x, y, z £ 
[0,1]. 

Both t-norms and t-conorms are examples of aggre- 
gation functions which difine below: 

Definition 4. An aggregation function (see fifAf is a 
function A : [0; l] 2 — y [0; 1], such that: 
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(Al) A(0, 0) = 0 and A( 1, 1) = 1; 

(A2) If Xi < X 2 and y\ < 1 / 2 , then A(x 1 , 2 : 2 ) < 
-4(3/1, 2/2)- 

To simplify the notation we use a®b rather than A(a, b). 

In table 1, we present some examples of t-norms and 
t-conormas. 

Although t-norms and t-conormas be defined for two 
input arguments, the associative property of these func- 
tions allows us to define an extended form for these 
operators. Given a t-norm T and (xi, • • • , x n ) £ [0, 1]" 
we denote by: 



T n (xi , • ■ ■ , Xn) 



f 1, if n = 0; 

\ T(T n -i(xi, ■ ■ ■ ,x„-i),x„), if n > 1 



In addition, t-norms can be extended for an operation 
with a countable number of inputs, writing: 



Proposition 1 ( ltl8l ). Let T : [0, l] 2 — > [0, 1] a aggre- 
gation function and N : [0, 1] —¥ [0, 1] a strong nega- 
tion, i,e., with N(N(x)) = x for all x £ [0, 1]. Then, 
T is a t-norm if, and only if, Tn is a t-conorm. 

2.2. Fuzzy languages 

The fuzzy languages was introduced in 1969 by Lee 
and Zadeh in |fl9l , which also establish a series of valid 
operations on fuzzy languages such as: a union, inter- 
section, complement and concatenation, formally we 
have: 

Definition 6. (i) A fuzzy language is a fuzzy set on 

a universe Vf, where Vp represents a set of termi- 
nal objects and Vf denotes the set of all strings 
formed from elements of Vp. Thus, a fuzzy lan- 
guage is a set of the form 

= {(x,pse(x)) : x£Vf} 



Too(xi,X 2 , • ■ ■) = lim T n (x 1 , ■■■,£„), 

n—f 00 

where is a sequence of numbers that belong the 

interval [0, 1]. Further details can be found at lfl8ll . 

Analogously, we define the t-conorms extended to 
any countable number of inputs with only one excep- 
tion: 5'o(0) = 0. 

As previously mentioned, the t-norms and t-conorms 
are generalized forms of conjunctions and disjunctions 
of classical logic, to fuzzy world. The negations can 
also be defined in this context: 

Definition 5. A fuzzy negation is a function N : 
[0, 1] — > [0, 1] such that: 



(ii) Given two fuzzy languages Jz?i e £6 ’2 on Vf, the 
union o/_Z j and ££2 is the fuzzy language defined 

by 

Jz?i U £f 2 = {{x, : x £ Vf}, 

where Pjz iU jz 2 0) = maxjp^ (x),pj? 2 (x)). 

(iii) The intersection of two fuzzy languages ,i£\ and 
^2 on Vf is represented by 

££\F££ 2 = {{x, pj? in j? 2 (x)) : x £ Vf}, 

where pje in ^ 2 ( x ) = minjp.^ ( x ), p,& 2 (x)). 

(iv) The fuzzy language dual ££ on Vf is: ££,i = 
{{x,FJ? d (x)) : x £ Vf} 7 where 



(Nl) iV(0) = 1 and IV(1) = 0; 
(N2) x<y^ N(y) < N(x). 

Example 1. The functions: 

(i) N c {x) = 1- x, 

are examples of fuzzy negations. 



and 



For any aggregation function A : [0, l] 2 — )• [0, 1] 
and any fuzzy negation N, we build a new operator 
An{x , y) = N(A(N(x), N(y))) called of dual oper- 
ator of A with respect to N. It is not difficult to show 
that the following proposition is true: 



/^(x) = (?’ , . if = 0 

d (1 — p&{x), otherwise 

(v) The reverse language of a language ££ is the 
fuzzy language given by: ££ R = {(w R , Ps?(w)) '■ 
w £ Vf}, where w R denote the string w written 
in reverse order. 

Rewark 1. For notational simplicity, in the examples 
presented here, just present the support of fuzzy lan- 
guages. For example, ££ = {(aa, 0.1), (ba, 0.8)} is the 
fuzzy language defined by the following membership 
function: 



! 0.1; , if w = aa 
0.8, ifw = ba 
0, otherwise 
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t-norms 

Tmimjx , y) = min(x, y) 
Tp(x,y) = x • y 



T L i<{x,y) 
Td(x, y) = 



max(x + y — 1, 0) 

0, ifz,y€[0, 1) 

min(x,y), otherwise 



t-conorms 



Smax {%•> V ) 
Sp(x,y) = 
Slk{x, y) 

Sd(x, y) = 



= max(x, y ) 
x + y — xy 
= min{x + y, 1) 

if x, y £ (0, 1] 
1 max(x, y), otherwise 



Table 1 

Examples of t-norms and t-conorms 



Example 2. Let Vt = {0, 1}. Clearly f£ = {(0,0.5), 
(1, 0.8), (00, 1.0), (10, 0.1), (01, 1.0), (11, 0.3)} and 
2zf' = {(0,0.8), (1,0.4), (00, 0.7)} are fuzzy lan- 
guages, where all strings in {0,1}* not listed in f£ 
and Jzf' have respective degrees of membership null. 
Furthermore, 

Jzf U = {(0, 0.8), (1, 0.8), (00, 1.0), (10, 0.1), 

(01. 1.0) , (11, 0.3)} 

if n if' = {(0, 0.5), (1, 0.4), (00, 0.7)} 

if* = {(0, 0.2), (1, 0.2), (10, 0.9), (11, 0.7)} 
& R = {(0, 0.5), (1, 0.8), (00, 1.0), (01, 0.1), 

(10. 1.0) , (11, 0.3)} 

These concepts can be generalized using t-norms, 
t-conorms and fuzzy negations. Given a t-norm T, a 
t-conorm S and a strong negation N, we define: 

(i) The union with respect to S of fuzzy languages 

if and if' by: 

ifUsif' = {(w,S(pje(w),pse'(w))) : w £ Vf} 

(ii) The intersection with respect to T of fuzzy lan- 
guages if and if' by: 

ifn T if' = {{w,T(p,s?(w), p,&t(w))) : w £ Vf] 

(iii) The dual of language if with respect to fuzzy 
negation N by: 

ifv = {{w,y& N (w))) : w £ Vf}, 



3. Turing machines 

3.1. Classical Turing machines 

Turing machines consists of a computing model that 
describes a situation in which a person performs calcu- 
lations on a paper tape using only two tools, one that 
lets you write a symbol on the sheet and another that 
allows you to erase the data on the tape. These calcula- 
tions are performed through three basic operations that 
allow the person: (1) Read a particular symbol on the 
tape; (2) Change a symbol on the tape and (3) Move the 
read head by tape. In this sense, we can find different 
approaches, as example, 11112212611. 

Formaly a non-deterministic Turing machine - NTM 
is a septuple M = (Q, E, T, <5, qo, □, F), where Q is a 
finite set of states, E C T is a set of input symbols, T 
is a set of symbols allocable on the tape, □ £ T — E 
is a spetial character named blank, q 0 £ Q is the initil 
state of machine, F C Q is a set of final states and 
<5 C Q x T x Q x T x {R, L} is a set of valid instructions. 

In this paper, we consider that the NTM’s have read 
tape with infinite length, however, left finite as we rep- 
resent in figure 1 . 

Definition 7. A valid instruction is al = {q \ , o \ , r/ 2 , 
<7 2 , X) £ 5, where qi,q 2 £ Q, ot,<7 2 £ Tel £ 
{i?, L}, describes the process of reading and writing 
of NTM, meaning that the NTM at a given moment was 
in the state q±, performed the read symbol <j\, moved to 
the state g 2 replacing the symbol u\ by cr 2 and moves 
the read head to the right or left (if X = R or X = L, 
respectively). 

The above operations can be described by instanta- 
neous descriptions (ID’s), which consists in formulas of 
type uqv, with q £ Q and u, v £ The tape reading 



where (w) 



N(yse{w)), if ys?{w) > 0 

0, otherwise 



'F* denote the set of all finite strings about T including the empty 
string e. 
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Fig. 1 . Work tape of a Turing machine 



is always done from left to right, reading the symbol 
from the most left v. 

Given two ID’s I) \ and D 2 of a NTM M, we say that 
there is a valid movement to Di from i) > and written 
D\ t= D 2 if one of the following cases can be verified: 

Case 1: If D 1 = qx\x 2 ■ ■ ■ x n , with xt £ T, then 

D = f ypx 2 X 3 ■■■x n , if ( 9 , Xi,p, y, R) e 6 
2 \pyx 2 X 3 ■ ■ -Xn , if (q,X!,p,y,L) £ S 

Case 2: If Di = Xi ■ ■ ■ XiqXi+i ■ ■ ■ Xn, then 

_ J x 1 • • • xtypXi +2 ■ ■ ■ x n , if (q, x i+ i , p, y , R) £ 5 
2 \ xi ■ ■ ■ pxiyXi +2 ■■■x„ , if (q, Xi+i , p, y, L) £ 8 

Case 3: If Di = xix 2 ■ ■ ■ x n q, then 

D = f X 1 X 2 ■ ■ ■ Xnl IP , if (q, Q,P, y,R) £S 
2 \xiX 2 - ■ -px n y , if (q,U,p,y,L) £ 6 

We can define a more complete notion of movement 
on the tape of a NTM, extending 1= recursively. 

Definition 8 . We say that uqv \=* u'q'v' if uqv = 
u' q' v' or is there a ID wpz such that uqv t=* wpz t= 
u'q'v 1 , in other words, l=* is the reflective and transitive 
closure of\=. Thus, the language accepted by NTM is 
the set: 

C = {w £ E* : qow h* upvforp £ F and u,v £ T*} 
Example 3. Let M = (Q,H,T,S,qo,n,qf), where 

Q = {«o, 51 , ?2,93. 9 /}. £ = { 0 , 1 }, r = {o,i,n} 

and 5 = {( 90 , □, 9/, □, -R), ( 90 , 0, gi, □, R), (gi,0,gi, 

0,ff),(gi,l,gi,l,i?),(gi,O,g 2 ,n,L),(92,l,93,n, 

L), ( 93 , 0, g 3 , 0, L), ( 93 , 1 , 93 , 1 ,L), ( 93 , 0,90,0,1?)}. 
Then M is a NTM with accepted language C = 
{0* n l* ra : n £ N}, where a* n is the string formed 
by concatenating n symbols a. The figure 2 present a 
graphical representation of the Turing machine M. 



3.2. Fuzzy Turing machines 

After of work to Zadeh 081 . several extensions to 
classical theories have been developed to fuzzy world 
(see 0), automata and Turing machines are examples 
these generalizations. The first models of fuzzy Turing 
machines were established by Zadeh (39), Lee m and 
Santos m which of course also studied the languages 
accepted by them. 

Many variations of fuzzy Turing machines can be 
found in the literature, we can cite as examples 1121201 
I21I35I36I37L in all these studies the use of a unique 
operator (as a t-norm, for example) is of paramount 
importance to establish the languages accepted by these 
machines. However, t-norms have characteristics that 
can be discarded, as commutativity and associativity. 
In this sense, we propose the following formulation of 
fuzzy Turing machine. 

Definition 9. A non-deterministic fuzzy Turing ma- 
chine - NFTM is a septuple , = ( Q , E, T, <5, 90 , □, F, 

{®q}q&Q-F, ft), such that M = ( Q , E, T, 5, q 0 , □, F) 
is a NTM, for each 9 £ Q — F we have one computable 
aggregation functiot Jj© g : [ 0 , l ] 2 — > [ 0 , 1 ] associated 
and /r, : <5 — >• (0, 1] is a function which defines the 
degree of truth of one instruction in 6. 

Rewark 2. ( 1) Note that in our definition, if(q , u , q ' , 

v ,E) £ S (com E £ {L,l?}) is a instruction 
valid of NTM, then the degree of truth for this in- 
struction needs to be strictly positive, i.e, p(l) > 0 
for all instruction l £ 6, otherwise does not occur 
transition. Thus, for any invalid instruction, i.e, 
with l 5, we have to p(l) = 0. 

(3) For simplicity, we assume from now on that all 
functions occurring in this paper are computable 
in some sense. 

Similarly to what is done for NTM, we can de- 
fine the instantaneous descriptions of a NFTM = 



2 There are several notions of computability for functions defined in 
the interval [0, 1] (see 1 1 141 1 31 151341 ). however this will be irrrelevant 
for this paper. 
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□ p, R 



0|0,i? 

1|1 ,R 



0|0, L 

1|1 ,L 



□ p, R 




Fig. 2. Graphical representation of M 



(Q, E, r, 8, q 0 , □, F, {© g } 96 Q__F, p). An ID in Jf is 

a pair ( uqv , r), where uvq is a classical ID in M and 
r is the degree of membership accumulated up to that 
point. 

A valid movement between two ID’s ( /£ . r) and 
(£> 2 , s), denoted by (££, r) b^ (£> 2 , s), occurs when 
there is a classical valid movement form D\ = uqv to 
£> 2 = u'q'v' , with degree of truth t, and furthermore : 

s = r ® g t 

Similarly to what we do for NTM, we extend recur- 
sively b^, as follows: 

Definition 10. We say that (uqv, r ) b'^ (u'q'v 1 , r') if 
(uqv, r ) = (u'q'v', r') or is there a ID (wpz, s) such 
that (uqv,r) (■ wpz,s ) b^ (u'q'v' ,r'). 

Definition 11. The acceptability of a string w in a 
NFTM .jf/, is given by 

deg^z (w, k) = sup{d £ [0, 1] : (q 0 w, k) b^ (uq f v, d) 

for some qj £ F and u,v £ T*}. 

When k = 1, we write just deg^(w). 

Note that deg associates each string w £ E* to 
one acceptability deg^(w) £ [0,1], in other words 
deg can be interpreted as the membership function 
of a fuzzy subset of E* . This allows us to define the 
fuzzy language accepted by a NFTM as a fuzzy set of 
strings, as follows: 

f£(J() = {(w,deg^(w)) : w £ £*} 

To make the above more general definition can use 
a t-conorm S extended to a countable number of real 
arguments, and define 

deg s , a (w,k ) = S({d £ [0, 1] : (q 0 w,k) b^ (uq f v,d) 
for some qj £ F and u, v £ T*}), 



and obviously define 

T£ s (Jt) = {(w,degy // (w)) : w £ £*}, 

where deg^/(w) = deg^fw, 1). 

Rewark 3. (i) Note that when there is a unique d 

such that (qoW, 1) b_^ (uqyv, d), by convention 
we have S(d) = d, and so degy^(w) = S(d) = 
d. 

(ii) If does not exist d satisfying the above hypothesis, 
the set {(w , degy^(w))) : w € E*} is empty, and 
thus degj^fw) = S'(0) = 0. 

With all these preliminary notions, we can define 
the concept of fuzzy languages recursively enumerable 
(LFRE) in the following way: 

Definition 12. Let = { w,p(w )) : w £ £*} a 
fuzzy language. We say that Jz? is a fuzzy recursively 
enumerable language, or .!£ belongs to class LFRE, 
if there is a t-conorm S and a NFTM , f/, such that 

T£ s (Jf) = jSf. 

Thus, a fuzzy Turing machine becomes of the form 
Jf = (Q, E, T, 8, q 0 , □, F, {© g }, l-i , S). Of course, all 
NTM can be seen as a NFTM according to the following 
proposition: 

Proposition 2. Let M = (Q, E, T, 8, qo, □, F, S) a 
Turing machine and C the accepted fuzzy language by 
M. Then, there is a NFTM ,/ff with fuzzy language 
T£(^ff ') = Crisp(C), in other words, Crisp(C) £ 
LFRE. 

Proof. Is enough to define ./£ = ( Q , E, T, S, Qq, □, F, 
{©<j}, p, S), where © is any t-norm, p(l) = 1 (for all 
l £ 8) and S is any t-conorm, for example S max . □ 








Farias et al. / Closure properties for fuzzy recursively enumerable languages and fuzzy recursive languages 



1 



4. Operations between fuzzy Turing machines 

In this section we will study the closure properties 
of fuzzy recursively enumerable languages, in general, 
show that the class LFRE if closed from operations: 
Union; Intersection; Dual and Reverse. 

Theorem 1. Let FZ \ = {(w,p^> 1 (w)) : w £ £*} 
and JZ 2 = {(w,p^e 2 (w)) : w £ Y,*} two fuzzy lan- 
guages on the same input alphabet. If there are NFTM’s 
xZZ\ (Q\ , £, T, (ft , Qq , EH, F\ , {© — F\ 5 P’1 , S') 

andJl ' 2 = (Q 2 ,Y,T,5 2 ,ql,U,F 2 ,{® 2 q } q ^Q 2 _ F2 ,p 2 , 
S) with FZ(^ZZ\) = FZ\ and FZfiZZf) = FZ 2 , then there 
is a NFTM such that FZ(^Zf) = FZ\ U 5 FZ 2 . 

Proof Without loss of generality, we can assume 
that Qi (1 Qi = 0. Define the NFTM ./// = 
( Q , Y, T, 6, q 0 , □, F , {©J, p, S) with Q = q 0 UQ 1 U 
Q 2 , where q 0 £ Q 1 U Q 2 , F = Fi U F 2 , S = 
U S 2 U {(qo, cr, < 7 q, ct, L) : 0 £ T and i = 1 or 2}, 

{ 1, if l = (qo, cr, q^, o, L) with i = 1 or 2 
Pi(l), if l £ d'i 
p 2 (l), ifl£S 2 

for l £ 1 5, and 

! xy, if q = qo 
x ©i y, if <7 £ Q 1 
x®\y, if q £ Q -2 

With (q 0 w, 1) 1=^ (q^w, 1) and (q 0 w, 1) b^ 
(qoW, 1) for all w £ £*. Thus, we have to 

deg S ^t r (w) = S({d £ [0, 1] : (q 0 w, d) b^ (uq f v, d) 

for some qf £ F}) 

= S({d£ [0, 1] : ( q l 0 w , d) b**r ( uq f v , d) 

for some qf £ Fi and i = 1 or 2}) 

= S(d!,d 2 ), 

where di = S({d £ [0,1] : (q^w,d) b*^ ( uqfV,d ) for 
some qf £ Fi}) and d 2 = S({d £ [0, 1] : (qlw, d) b*^ 
(uqfV,d) for some qf £ F2}). That is, deg^(w) = 
S(deg^r 1 (w),deg„a 2 (w)). However, 

FZ(J() = {(w,deg s ^(w)) : w £ £*} 

= {(w, S(deg^p w) ,deg^p w) ) : w £ £*} 

= 2% U S 2% 

= FZ(JFf) U S FZ(JF 2 ) 

□ 



Example 4. Consider the NTFM’s ./Z/\ and .f/ 2 , as 
represented in figure 3. 

The fuzzy languages accepted by xZZ\ and .Zf 2 , re- 
spectively are: FZ(^Zf\) = {(to, 0 . 2 ) : w £ £*} and 
FZ (xZff) = {(1, 0.4), (0, 0.1)} (Rmk: All strings w £ 
£* with |m| > 2 are such that degf /l ^(w) = 0). Easily, 
we can show that the NFTM represented by figure 4 
recognizes the fuzzy language FZ (.M \ ) U s FZ(^Zf 2 ) for 
any t-conorm S. 

Rewark 4. Note that the NFTM whose fuzzy language 
accepted corresponds to the union of two other lan- 
guages (FZfZff) and FZ^ff) in this case) is not 
unique, our construction merely ensures the existence 
of a NTFM computing the union of two fuzzy languages. 

Theorem 2. Let FZ = {(w, p^(w)) : w £ £*} a 
fuzzy language and N : [0, 1] — > [0, 1] a strong nega- 
tion. If there is a NFTM ^Zf = (Q, £, T, S, qo, □, F, 
{®q}q<zQ-F, P, S) with p(S) C (0,1) and such that 
FZ(^Zf) = FZ , then there is a NFTM xZZn such that 
^(Jf N ) = FZ n . 

Proof. Let Jt = (Q, Y, F, 5, q 0 , □, F, {© 9 } 9 eQ-F, p, 
S) a NFTM such that FZ(M) = FZ and N a strong 
negation. Define = (Q U {^o}, Y, F, S', qd, □, F, 
{©^} 9 e Q_ F U{© w }, 7 i , ,N),where( 5 ' = 5U{(qd, o,q 0 , 
cr,L) : 0 £ r}, 

, (N(p( 1 )), ifi £6 

; \ 0.5, HI = (q 0 ,a,q 0 ,a,L) 

and ©' = / ®t N ' ^ l £ S ' , where © 0 is a 

« ^© 0 , if q = q 0 

aggregation function such that 1 ©0 0.5 = 0 and ® q N 
is the dual of ® q . 

To prove that the accepted fuzzy language of NTFM 
given by is FZn just check that 

(uqv, d) b^ (u'q'v' ,d') 

(uqv,N(d)) \=^ N (u'q'v’ ,N(d')). 

(=>) If (uqv, d) b j( (u'q'v 1 , d'), then by definition 
we have to 

d' = d® q p(l), 

where l corresponds to the transition that describes the 
movement from (uqv) to (u'q'v 1 ). But since At is a 
strong negation, follows that 

N(d') = N(d® q p(l)) = 

N[N(N(d)) ® q N(N(p(l)))} 
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1 1 □, R; 0.4 
Op, R; 0.2 




Fig. 5. Graphical representation of NFTM who accepts fuzzy language Jzf (^#i ) n c 



1|1, R; 0.5 
Ojl, R; 0.8 




Fig. 6. Graphical representation of NFTM who accepts fuzzy language Jf(^# 2 )jv c 



tool will facilitate the proof of the results we present 
below. 

Given two NFTM’s = (Q i, E, F, p, q^, □, Fi, 
{©g} 9 eQi-F’i,/fiP)and .#2 = (Q 2 , S', r'p 2 , q§, □, 
F 2 , {®q}q£Q 2 -F 2 , Ab S) on the same input alphabet, 
where F C E', we build a new NFTM, denoted by 
O (Q i S, r,J, Qq , EH, F, {®q}q£Q — F , fb *S) , 

where: 



(i) We can assume without loss of generality, that 

Qi H Q 2 = 0 and define Q = Q 1 U Q 2 ; 

(ii) q 0 = qo. 



(iii) F = F 2 ; 

(iv) (a) © g = 



P if (? G Qi - Fi . 
=) g , if q £ Q 2 — F 2 ’ 



(b) For each final state q £ F l5 define © g so that 

a®, l = o; 

(v) <5 = <5 iU<5 2 U{(<7, a,qQ,a,L) : q £ Fi where er £ 

H; 

{ 1, if l = (g, cr, Qoi c, L) for some q £ Fi 
Hi(l), if l £6! 

ft2 (/), if l £ S 2 



In some applications it may be appropriate, after 
computing the first NFTM, return to the beginning of 
the working tape, and then initiate the computation of 
the second NTFN, while in other applications not. 



This notion of composition to Turing machines will 
help us demonstrate the following results: 

Proposition 3. Let 2z? a fuzzy language. If there is a 
NFTM Jf = (Q, E,rp,g 0 ,n,F, {® q } qeQ _ F , n, S) 
such that Jz? (^#) = 2zf, then there is a NFTM such 
that = T£ R . 

Proof. With a little work we can build a classical Tur- 
ing machine M x which converts strings w £ E* in 
your reverse w R , i.e, q^w l=P i qjw R . Futhermore, the 
proposition 2 ensures the existence of a NFTM . p 
such that (gold, 1) Kp ( qjw R , 1) for all w £ E*. 

Thus, composing .-W.\ with ./fL we obtain a NFTM 
jffi = -^1 o such that = Jz?P since for 

all w £ T, * with (qow, 1) I ( uqjv,d ), accepted by 
.jW, , we have to: 

{q 0 w R , 1) (q}w, 1) (q 0 w, 1) (uq f v, d) 

This shows that 

(90^,1) K# (WfV,d) => {qlw R ,l) t=^ 2 ( uq f v,d ) 

The reciprocal of the above assertion follows building 

of .# 2 = .#1 o .M . □ 
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a;|0, L 

y\i,L 




0|0, L 
1 | 1 ) L 
□ L 




Example 6. To illustrate the process of reversal of 
strings, we present, in figure 7, the classical diagram 
for a Turing machine which reverses any w G {0, 1}*. 

So far we have proven constructions that allow us to 
operate on unions, dual and reverse of recursively enu- 



merable languages by NFTM’s. We are now interested 
in building fuzzy Turing machine able to compute the 
intersection of two recursively enumerable languages. 

Given a family T nor empty of aggregation functions, 
we say that T satisfies the property of generalized 
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associativity (see l27l ) if for any pair of aggregations 
functions A, B £ T we have 



A{x , B(y, z)) = B(A(x, y), z), for all x,y,z £ [0, 1] 

Obviously, given any t-norm T, the family F = {T} 
satisfies the property of generalized associativity. In 
general, given any aggregation function A, the family 
F = {A} satisfies the property of generalized asso- 
ciativity if, and only if, A is associative aggregation 
function. 

In the following proposition, we show a infinite fam- 
ily of aggregation functions that satisfies the general- 
ized associativity. 

Proposition 4 . Let F = {T a (x, y) : a > 1 }, where 



T a (x, y) 



1, ifx -y = 1 
otherwise 

a ’ 



Then, F satisfies the generalized associativity. 

Proof. Obviously, for each a > 1 fixed we have to T a 
is a aggregation function. Now, given a, 1 3 > 1: 



T a {x,Tp{y,z)) 



1, if x ■ Tp(y, z) = 1 

'LhAlA otherwise 

a ’ 



generalized associativity and T £ F is a t-norm t- 
norma such that S({T(xi,yi)}) = T(S(X), S(Y)) 
for any countable sequence X = {xi,X2, • • •} and 
Y = {2/1 , t/2 , • ■ ■}, then there is a NFTM ^Yf with 

&(JT) = JSfi n T Jz? 2 - 

Proof. Without loss of generality assume that Q 1 D 
Q 1 = 0. The proof of this theorem will be held the 
following steps: 

Step 1 : Add to input alphabets and output a special 
symbol denoted by fi, and redefine .Yf\ and .,#2 
for these new alphabets keeping the transitions <$1 
and 82 , adding to the two machines the transitions 
of the form (q, q , R) for every state q. 

Step 2: Let .Yf*, a crisp NFTM that performs the fol- 
lowing operation: 

(qS w > !) Kx 0 1) for all w £ E* 

Where all aggregate functions Machine ,4o be- 
longing to the family F. 

Step 3 : Define another crisp NFTM .#3 with only one 
aggregation function, the t-norm i \ , such that: 

(wQo#v, 1) t=* #3 (qjw, 1) for all w, v £ E* 



In the case that x ■ Tp(y, z) = 1 we have 

x = 1 and Tp{y, z) = 1 => x = y = z = 1 
=> T a (x,Tp(y,z)) = Tp(T a (x,y),z) = 1. 



Step 4 : Build a NFTM ,YL from the composition 

,YL\ o (~'^3 o (^2 0 Jto)) 



In the other case, 

T(xT.tvM=l‘' = 1 

a{ > £u/> )) ^ xmz, otherwise 

=> T a (x, Tp{y, z)) = Tp(T a (x, y), z). 



□ 



We can not always guarantee that the intersection 
of recursively enumerable fuzzy languages results in a 
recursively enumerable fuzzy language. The following 
theorem guarantees us sufficient conditions for this to 
occur. 



using the following criteria: 

(a) The transitions of qj to q% have a form 
(qj, #, 9o> R) with degree of truth equal to 

i; 

(b) Add the final states of .YL-i the transitions 
(<?/, cr, qj, cr, L) and (qj,#,q%, L) with degree 
of truth equal to 1; 

(c) Associate to the states qj the t-norm T \ ; 

(d) The transitions of q'j to <f have a form 
(qj, w, qj , , w, L) with degree of truth equal to 

1 . 



Theorem 3 . Let Jz?i and Jz? 2 two fuzzy languages. If 
there is a NFTM’s ,YY-\ = (Q\, E, T, 81, q^, □, Fi, 
{®g}qeQ 1 -F 1 ,Pi,S) andJf 2 = (Q2, £, T, 8 2 , q%, □, 
F2,{®q}q£Q 2 -F 2 ,P2,S) such that f£ (Jff) = 

= Jzf 2 , {©g} ge (Q lU Q 2 )-(F 1 uP’ 2 ) is a subset 
of family of aggregation functions J- satisfying the 



Step 5 : For any w £ E* we have 

(q°w, f) Ka 0 1) => 

(q%w, 1) (• wqj#w , 1) (w#q 2 0 w, 1) 

=> (q%w, 1) KV (w#q%w, 1) 
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Now, if w is such that (QqW, 1) (uq^v, d), 

then 

(?o°®. !) 1) KV 2 ( w#uq 2 f v,d ) => 

(tfo™, 1) ^ (w#uq 2 fV,d) 

By (b) we obtain that 

(w#uq^v,d) 1= (wq^#uv,d) 

At this point we enter the computing of machine 
.# 3 , whose final result is {q'jw, d). That is, 

(q 0 w,l) (, q 3 f w,d ) 

for all w € E* with {q^w, 1) l=*^ 2 {uq 2 fV,d). 

But, by (c) and (d) we have to 

( q 3 f w,d ) t=„# (qlw,T(d,l)) 

Therefore, 

(Qow,l) ^ (qlw,T(d,l)) 

for all w € E* with (q^w, 1) h^ 2 {uq 2 v, d). 

Now suppose that (q^w, 1) t=*^ 2 (uqjv,d) and 
(qjw, 1) (uqfV,d'). Then, there is a finite 
sequAlnce of ID’s in ,-#i such that: 

(q^w, 1) = (Di, 1) (D 2 , r2) • • • 

(El n _i L D n (uqjV, d ) 

Let li the occurred transition between the ID’s Di 
and Dj + i, for i € {1, • • • , n — 1}, and H\(li) the 
degrees of truth of these transitions. Then, with 

( Qo w , !) t=!W 2 ( w 9/ v > d ) we have to 

(■ qow , 1) KV (q 3 f W,d) (qlw,T(d, 1)) 

(Di,T(d, 1) ® q i 

but how Ti and © ? i satisfy the generalized asso- 
ciativity, we observe that 

T{d, 1) © g i Ati(ii)) = T(d, 1 ® g i 

=> (9o^,l) ^ {Di,T(d, 1 ® 9 i Ati(Zi)))- 

Similarly we have that, if 

(?ow, 1 ) 1 =!# 

( Di,T{d , (((1 ©gi pi (h))®,^) • • •)©<,! _ i ))> 



then 

{q 0 w, 1) 

(Di+i,T(d, (((1 ©,i ML))©^) ' ' -)®gi.))- 

Therefore, 

(9o», 1) >=*« 

( D n ,T(d , (((1 ©,i gi{h))® q ij ■■’)®9j n _ 1 )) 
= ( uq)v,T{d , d!)). 

Thus, we conclude that 

deg s a{ w ) = T (deg^ 2 {w),deg%{w)). 

□ 

5. Final remarks 

In this paper we proposed a model of non-deterministic 
fuzzy Turing machine - NFTM, which generalizes the 
models available in the literature. Usually a fuzzy Tur- 
ing machine comes equipped with a connective 
operator, a t-norm, so that you can compute the degree 
of acceptance of a string and thus determine the fuzzy 
language accepted by .W. However, we realized that 
t-norms have unnecessary characteristics such as com- 
mutativity and associativity, so we replace this unique 
operator for various aggregation functions. In addition, 
we established the fuzzy language computable, or fuzzy 
recursively enumerable languages - LFRE , according to 
our model, and we prove, among other properties, that 
the class of languages LFRE is closed for operations 
such as: Unions and widespread intersections; Reverse 
and Dual. 
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